In this article, a system of nonlinear hyperbolic-elliptic partial differential equations is introduced to model the formation of biofilms. First, a short introduction to some basic concepts about biofilms is given. Then a detailed derivation of the model is presented, which is mainly based on the theory of mixtures, also in comparison with previous models. Adapted numerical schemes will be presented and numerical simulations will be discussed.
Introduction.
Although chemical degradation has been a main concern for conservation and restoration studies, there is now an increasing experimental evidence that biodegradation should also be taken into account since almost fifty percent of deterioration is due to biological factors. In this note, we are interested in particular on the formation and evolution of biofilms, with a special regard to their development on fountains walls, i.e.: on stone substrates and under a water layer. These biofilms cause many damages, such as unaesthetic biological patinas, decoesion and loss of substrate material from the surface of monuments or degradation of the internal structure.
A biofilm is a complex gel-like aggregation of microorganisms like bacteria, cyanobacteria, algae, protozoa and fungi, embedded in an extracellular matrix of polymeric substances (EPS). EPS develops resistance to antibiotics, to our immune system, to disinfectants or cleaning fluids. Even if a biofilm contains water, it is mainly a solid phase. Biofilms can develop on surfaces which are in permanent contact with water, i.e. solid/liquid interfaces, but the growth of microorganisms also occurs in different types of interfaces such as air/solid, liquid/liquid or air/liquid.
Let us summarize the main phases of biofilm formation as follows: first, some bacteria approach the surface and get attached. Then, during a phase of colonization, bacteria lose flagella and produce EPS. During the growth's phase, bacteria build the 3D biofilms and specialize themselves as fixed cells, motile cells or monolayer cells. In the end, a part of the biofilm may detach itself in order to colonize other parts of the surface.
Here we describe and analyze a new model of this process. The paper is organized as follows: in Section 2 we present the derivation of the model and in Section 3 we introduce an explicit-implicit numerical scheme to approximate the system and we report some numerical simulations.
2. Derivation of the model.
Previous models.
For a so huge topic, it is not surprising to find that there is a large literature of mathematical models of biofilms. It is possible to divide these models into two classes: the discrete one and the continuous one.
The models proposed by the Delft's team 4 are mainly multidimensional, multispecies and multisubstrates spatially discrete models, which are solved by individual-based approach or cellular automata (even if sometimes chemical components are taken continuous); thanks to these techniques it is possible to simulate biofilm's detachment. They are exhaustive from the biological point of view, but not fully satisfactory. On one side it is difficult to simulate large colonies of millions of individuals, while on the other side there is no way to prove stability results or to give a precise description of the asymptotic time behavior of the solutions.
Another class of models was proposed by Alpkvist and Klapper in, and it is based on a multidimensional and multispecies description, where biofilms are divided into biomass and liquid. This model is diffusive, and so the velocity of the biomass is infinite and this aspect makes the model unrealistic. Moreover, due to diffusivity, it is also difficult obtain sharp interfaces and finger like structures which characterize biofilms.
A recent very interesting model is the one proposed by Zang, Cogan, and Wang.
3 They consider two phases: the polymer network and the solvent, and analyze numerically the case of detachment under different initial conditions. This model does not consider the different biological components and it is unable to describe the specific evolution of bacteria.
A continuous model that includes more biological details is the one proposed by Anguine, King and Ward. 5 It concerns the biofilm produced by the Pseudomonas aeruginosa, a bacterium that causes serious infections. This is an one-dimensional and multispecies PDEs model, where four different phases are considered: live cells, dead cells, EPS, and liquid. The influence of nutrients is also taken into account, as well as quorum sensing (a sort of signaling of cells), and also some different medical treatments, like antibiotics and antiQS drugs. Actually, transport equations are introduced to model the four phases and advection-diffusion equations for nutrients, antibiotics and antiQS. A common velocity for bacteria, dead bacteria and EPS is assumed, while a different velocity is taken for the liquid. To close the system, the no-void condition is assumed besides a quite unrealistic relation between the liquid and EPS, that is: a local increment of EPS causes a local increment of liquid. Thanks to these assumptions, no equation for velocities is needed.
Considering the previous models, we propose here to consider a multidimensional and multispecies PDEs model. We have focused our attention on a specific type of microorganisms, namely the cyanobacteria. They grow in water films on the stone's surface and need for warmth, light and water to develop. They die during cold and dry season and deposit dead cells which lead to a rapid new growth at warm time, moreover their nutrients are CO2, N2 and salt minerals traces .
In our model we consider four phases: live cells (cyanobacteria), dead cells, EPS, and liquid. Moreover we introduce two macroscopic velocities: v S for the solid phases and v L for the liquid. We consider mass balance equations for the four phases and force balance equations. Using the theory of mixtures, proposed in 8 and used also by Preziosi in, 6,7 and making some modeling assumptions, it's possible close the system, obtaining a system of nonlinear hyperbolic partial differential equations, coupled with an elliptic equation.
The new hydrodynamical model.

We consider four different phases: Live cells (B), Dead cells (D), EPS (E), and Liquid (L).
We denote the concentration of biomass by C φ = ρ φ φ, where ρ φ is the mass density of the phase in [g/cm 3 ] and φ = B, D, E, L is the volume fraction of the phases.
We assume that the biomasses are incompressible and Newtonian, then ρ B , ρ D , ρ L and ρ E are positive constants, and also that the phases have all the same constant density. Since the EPS encompasses the cells, we can assume that live cells, dead cells, and EPS have the same transport velocity v S . We denote instead by v L the velocity of liquid, and by Γ φ , with (φ = B, D, E, L), the mass exchange rate. The equations expressing the mass balance are:
Assuming the volume constraint
and the total conservation of mass, we have
Denoting by T the temperature, by I the light intensity and by N the nutrient, we introduce the mass production terms:
where k B and k D are respectively a birth term and a death term for the active bacterial cells, α is the fraction of active cells that gives rise to dead cells (the remaining proportion becoming liquid), k N is the natural decay of dead cells, k E represents the production of EPS, and εE, with ε constant, is the natural decay of EPS. In order to enforce condition (3), we take
Adding the four equations of system (1) and using equations (2) and (3), yields:
which means that the divergence of the average hydrodynamic velocities is equal to zero. Next, let us write the equations for the force balance. We denote bỹ T φ the partial stress tensor relative to the component φ, and bym φ the respective interaction force. So we can write the equation of force balance for the component φ (φ = B, D, E, L) as follows:
The total conservation of momentum yields:
From the theory of mixtures, 8 it is possible to decompose the interaction forces asm φ = P ∇φ + m φ , where P is the hydrostatic pressure, the same scalar for all the phases, and m φ is the force exerted by the phase φ on the other phases. It is also possible decompose the partial stress tensor as T φ = −φP I + φT φ , where T φ is the excess stress tensor. Hence, equation (9) can be rewritten as:
Taking the sum of equations (11) for φ = B, D, E, and using (2), we obtain:
since, from (10), (2) and (3)
For the liquid phase we have:
Now we make some assumptions on the form of the excess stress tensors, namely
where Σ is a scalar function of the sum of volume ratios
We are assuming that the excess stress tensor is only present in the solid component, so in the liquid there is only the hydrostatic pressure; this means that if in the liquid there are no bacteria or EPS, then the liquid is at rest. We also assume that the interaction forces for the liquid follow the Darcy law:
where M is an experimental constant. Thanks to these assumptions, we can rewrite the equations for the velocities as:
(16) Now we have to describe the scalar equation satisfied by the pressure P . Summing the equations in (16) and taking their divergence, we have:
So, equations (1), (16), and (17) give a closed system of equations
(18) To complete the system, we have to find the form of the stress function Σ, the values of the coefficients of the source terms and of the Darcy constant M . A first approximation, useful for numerical tests, is a linear form of the stress function as
We impose Neumann boundary conditions for the volume ratios:
and no-flux boundary conditions for the velocities:
Influence of light, temperature and nutrients.
The growth rate of cyanobacteria k B is influenced by light, nutrient and temperature. We indicate k B = k B0 g(I, T, N ), where g(I, T, N ) = g 1 (I) · g 2 (T ) · g 3 (N ) is a function of light, temperature and nutrient.
For simplicity we assume that k B0 is the optimal growth rate, so 0 ≤ g(I, T, N ) ≤ 1.
We assume instead, for simplicity, that the other rates are constants:
where k D0 , k E0 and k N 0 are the optimal rates.
Light dependence
To describe the light influence on the biofilm growth, we indicate by I 0 the light intensity on the upper surface of water, and by I(x, y, t) the intensity in the water. We assume that the light intensity is attenuated following the law of photon absorption in the matter. Thus, we assume that I(x) is constant for every fixed y and t. Then, assuming y ∈ [0, H] we have:
where the absorption coefficient µ depends on the matter and on the frequency of radiation. By experimental observations, it has been estimated that µ ≈ 0.9 m −1 if the water is turbid, and µ ≈ 0.2 m −1 if the water is clear.
We still need of a correction factor because, when the light reaches the biomasses, its value decreases exponentially, so we assume
where µ 0 is the absorption coefficient when the water is clear, and h µ is a coefficient in the biomasses. Finally, we assume that the specific growth rate as function of irradiation I(x, z, t) is given by
whereÎ = I/I 0 , w 0 is the maximum specific growth rate and β 2 is a shape coefficient.
Temperature dependence
We assume that cyanobacteria have an optimal temperature where the growth rate is maximal, when the temperature is far from this optimal value the growth rate diminishes. Following, 9 we choose that the specific growth rate as function of temperature T , which is given by:
where
Here h 1 corresponds to the maximum growth rate, β 1 is a shape parameter, and T min is the minimal temperature for the model working.
Nutrient dependence
Nutrient is essential for the duplication of cyanobacteria and is consumed by them. We suppose that the nutrient diffuses according to a fickian diffusion, and we also neglect the transport term due to the low velocity of water v L compared with the diffusion of a gas in water. We indicate the nutrient mass density by C N (g/cm 3 ), while by C ref a reference value of nutrient, which can be the concentration of nutrient on the upper boundary between water and air.
Then, we introduce N = C N /C ref which is an adimensional variable, so the nutrient equation is
where D N (cm 2 /sec) is the diffusion coefficient of nutrient in the water and in the biomasses and q N (1/sec) is the consumption rate. The specific growth rate as function of nutrient N is given by
Numerical approximation and simulations.
Let us explain now how we solve numerically the system (18). For the first three equations, that is to say equations (1a), (1b), (1c), we use a relaxation scheme with flux limiters for the spatial discretization of the transport part, 2 and an explicit Euler scheme for the time discretization. Let us denote by Y the volume ratio of one of the solid phase, i.e. Y = B, D or E. We also denote the time step by δt and the approximation of function Y at time t n = nδt by Y n .
In the following, we shall write this scheme for the balance equation of solid phases in a condensed form as :
Then, thanks to the condition (2), it is possible to compute an approximation L n+1 of the liquid volume ratio at time t n+1 as:
We cannot proceed in the same way to solve numerically the equations of velocities. As a matter of fact being:
we need to compute v S n+1 and v L n+1 to continue after time t n+1 . However, it is not possible to compute
Usually, in multiphases simulations, data are taken to avoid vanishing phases. However, in the present case, these phases are physically relevant. Fortunately, we can can overcome this problem by using an implicit approximation for the reaction terms of the equations of velocities, which can be written as:
In this way we obtain values of the velocities even in the particular cases when one of the phases, liquid or solid, vanishes. To compute the terms G n 1 and G n 2 we adopt the same relaxation scheme used to solve the equations for B, D, E.
In the end, we solve the elliptic equation for the pressure P thanks to classical finite differences.
We have solved the system in the 1D case with constant reaction rates for k y i.e. optimal rates. In Figure 1 (resp. Figure 2) , we display the volume ratio of B (resp. E) with respect to the height for different times. We notice the formation of a front which spreads in the whole domain for the propagation of bacteria, but also for the production of EPS. 
